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Extremes,	  
	  Divergence	  of	  moments,	  
Self-‐organized	  cri�cality	  
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Bare	  and	  
dressed	  
Cascades	  

Dressed	  Bare	  
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εΛ = ελTλ εΛ/λ( )
Factoriza�on	  property	  of	  the	  cascade	  	  

Integrated	  
εΛ,λ d( )

ελ

εΛ/λ h( )

Λ→∞
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bare	  
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(shrink	  factor	  λ)	  
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ελ d( ) = ελε∞ h( )

Kd q( ) = K(q);      q < qD
∞;             q ≥ qD

⎧
⎨
⎩

〈ελ(d )
q 〉 = ∞,  q ≥ qD  ⇔   Pr(ελ(d ) > s) ~ s−qD ,  s >>1

Divergence	  of	  dressed	  moments:	  

ελ d( )
q = λKd q( )

where:	  

Probability	  distribu�ons	  

qD	  is	  the	  solu�on	  to	  
the	  implicit	  equa�on	  

ε∞,(h)
q ≈

O 1( ); q < qD
∞; q ≥ qD

K qD( ) = D qD −1( )

The	  hidden	  moments	  diverge:	  

Mul�fractal	  Bu�erfly	  effect	  

small	  scales:	  
integrated	  fully	  

developped	  cascade	  large	  scales	  
(scale	  range	  λ)	  

Full	  cascade	  
averaged	  at	  scale	  λ-‐1	  

Long	  range	  dependencies	  
place	  this	  outside	  the	  

framework	  of	  Extreme	  Value	  
Theory	  

Discon�nuity	  in	  first	  
deriva�ve	  =	  first	  order	  
mul�fractal	  phase	  

transi�on	  

Mandelbrot	  1974,	  S+L	  1987	  

Divergence	  due	  to	  small	  scales:	  the	  
mul�fractal	  bu�erfly	  effect	  
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Sandpile	  “mean	  shape”	  
	  	  	  	  	  =	  	  result	  of	  extreme	  	  
	  	  	  	  	  	  	  	  	  	  avalanches	  

The	  mean	  field	  results	  from	  catastrophes!	  

Self-‐Organized	  cri�cality	  (SOC)	  

Classical	  	  SOC:	  zero	  flux	  limit	  
Nonclassical	  mul�fractal	  SOC:	  quasi	  constant	  flux	  

Opera�onal	  defini�on	  of	  SOC:	  
Spa�al	  scaling	  and	  Power	  law	  probabili�es	  
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Divergence	  of	  moments	  in	  Laboratory	  turbulence	  

Pr ε > s( ) ≈ s−qD ,ε

Dissipa�on	  Range:	  

ε ≈ νv ⋅∇2v ≈ ν Δv
2

Δx2
Pr ε > s( ) = Pr νΔv2

Δx2
> s

⎛
⎝⎜

⎞
⎠⎟

Iner�al	  Range:	  

Pr ε > s( ) = Pr Δv3

Δx
> s

⎛
⎝⎜

⎞
⎠⎟

Laboratory	  Data:	  	  

qD,v(diss ) ≈ 5.4; qD,ε ≈ 2.7

qD,v(inertial ) ≈ 7.7; qD,ε ≈ 2.6

qD,ε = qD,v(diss) / 2

qD,ε = qD,v(inertial ) / 3

Dissipa�on	  range	  es�mate:	  

Iner�al	  range	  es�mate:	  
Radelescu,	  L+S+M	  2002	  

ε ≈ Δv3

Δx
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Iner�al	  range	  

dissipa�on	  range	  

dissipa�on	  range	  

Iner�al	  range	  

sqD ,v Pr Δv > s( )
(Compensated	  distribu�ons)	  
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	  Δv2	  
[m2s-‐2]	  	  

Across	  ver�cal	  layers	  	  
radiosondes	  

Layers	  50,100,	  200,	  400,…3200m	  
(S+L1985)	  

Divergence	  of	  moments	  in	  
the	  horizontal	  wind	  field	  

In	  �me	  	  
sonic	  probe,	  10	  Hz	  
(Schmi�,	  S+L	  1994)	  

qD≈5	  

qD≈	  5.7	  	  

-‐6	  

-‐3	  

0	  

Lo
g 1
0P
r(
Δv
>s
)	  

0	   0.5	  -‐0.5	   Log10s	  

In	  the	  horizontal	  
aircra�:	  40,	  80	  m	  

(L+S	  2007)	  

qD≈	  7.5	  
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L+S	  2013	  

qD	  es�mates	  
for	  various	  
geophysical	  
fields	  

Most	  exponents:	  range	  3-‐5	  
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L+S	  2013	  

qD	  es�mates	  
for	  various	  
hydrological
fields	  

Most	  exponents:	  ≈	  3	  
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Abrupt events, extreme changes 
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40	  
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Age (kyr BP) 

δ18O GRIP (GReenland Ice core Project), summit 
location (≈75oN), High (5.2 yr ) resolution section 

Current 
interglacial 
(Holecene) 

Last glacial 

“Dansgaard Oesger events” 

≈6K 

Abrupt events, extreme changes 

Data:	  thanks	  to	  P.	  Ditlevsen	  
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GRIP	  Probabili�es	  of	  extreme	  changes	  

1.5 - 1.0 - 0.5 0.5 1.0
Log10s

- 4

- 3

- 2

- 1

Log10Pr

qD=7.8,	  6.2	  

Gaussian	  	  
probability<10-‐47	  

Gaussian	  	  
probability<10-‐44	  

time 

depth 

Pr ΔT > s( ) ≈ s−qD

Extreme 100 
changes 

Limit	  of	  Levy	  variables	  (α=qD<2)	  

Greenland	  ice	  core	  
δ18O	  temperature	  
proxies	  
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Observables:	  
addi�ve	  and	  mul�plica�ve	  processes	  

ΔT = ϕΔt H

Mul�plica�ve	  cascade	  
Observable:	  
mul�plica�ve	  
and	  addi�ve	  

Linear	  scaling	  part,	  
addi�ve	  
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Η-α	  model	  
ΔT Δt( )q ≈ ΔtHq−K q( )

H=0.4	  

Δt	  =	  T/λ	  
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Simula�ng	  isotropic	  con�nuous	  in	  
scale	  mul�fractals	  
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Con�nuous	  in	  scale	  mul�fractal	  
modeling	  	  

!

A discrete in scale simulation of a 
universal multifractal with basic 
scale ratio λ0 = 2, λ = 29, α = 1.8, 
C1=0.1. 	  

!

The	  corresponding	  con�nuous	  in	  
scale	  simula�on.	  

!

Same as at left but with an 
additional fractional integration 
of order H = 1/3 (a scale 
i nva r i an t smoo th ing ) ; t o 
simulate a turbulent passive 
scalar density; notice that the 
structures are smoothed.	  	  
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Mul�plica�ve	  Cascade	  processes	  

Mul�fractal	  process	  over	  
scale	  range	  λ=	  
Mul�plica�ve	  cascade	  

The	  generator=	  
Addi�ve	  process	  

ελ = e
Γλ

Γ r( )∝C11/αγ α r( )∗ r 1,λ−1⎡⎣ ⎤⎦

−D/ ′α

The	  codimension	  of	  
the	  mean=	  
Amplitude	  of	  the	  
generator,	  sparseness	  
of	  ε	


i.i.d.	  Levy	  noise	  
index	  α=	  
subgenerator	  

Convolu�on	  with	  
singularity	  over	  
range	  1	  to	  λ-‐1	  

1
′α
+ 1
α
= 1

Auxiliary	  variable	  α’	  Dimension	  of	  space	  

The	  sta�s�cs	  

ελ
q = λK q( ) K q( ) = C1

α −1
qα − q( )

The	  process	  

Universal	  mul�fractals	  (“mul�plica�ve	  
central	  limit	  theorem”)	  

General	  mul�fractal	  sta�s�cs,	  
convex	  K(q)	  

 Γ
 k( ) = γ λ k( ) k −D/α

Fourier	  space=	  power	  law	  
filter	  

Pr ελ > s( ) ≈ s−qD

Extremes:	  “Fat	  tails”	  

q < qD s >>1
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A comparison of the Gaussian (α =2, top) 
and Levy (α =1.6, bottom) subgenerators γα 
showing that whereas the former is both 
positive – negative symmetric with low 
ampli tude excursions, the lat ter is 
asymmetric with huge (algebraic) excursions 
for negative values. 	  

Levy	  sub	  generators	  γα(r)	  

Gaussian (α =2) 	  

Levy (α =1.6) 	  
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Frac�onally	  Integrated	  Flux	  (FIF)	  model	  
(both	  addi�ve	  and	  mul�plica�ve)	  

I r( ) = ελ r( )∗ r − D−H( )

The	  sta�s�cs	  

The	  process	  

 I
 k( ) = ε λ k( ) k −H

Fourier	  space=	  power	  
law	  filter	  

Convolu�on=	  
frac�onal	  integra�on	  
order	  H	  

Sq Δr( ) = ΔI Δr( )q = ελ
q Δr qH = Δr ξ q( ) ξ q( ) = qH − K q( )

qth	  order	  
structure	  
func�on	  

fluctua�on	   λ = L / Δr
ελ
q = λK q( )

Note:	  
structure	  
func�on	  
exponent	  

S+L	  1987	  ΔI Δr( ) = εΔr Δr
H

Object:	  to	  yield:	  
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FIF	  simula�ons	  1-‐D	  

FIF simulations with α = 0.3, 0.5, …1.9, 
(bottom to top), C1 = 0.1, each offset for clarity, 
each with the same random seed.  	  

H=0	  

H=0.333	  

H=	  -‐0.333	   “smoothing”	  “roughening”	  
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Isotropic (i.e. self-similar) multifractal simulations showing the effect of varying the parameters α and H (C1=0.1 in all cases).  From left to 
right, H = 0.2, 0.5 and 0.8. From top to bottom, α =1.1, 1.5 and 1.8. As H increases, the fields become smoother and as α decreases, one 
notices more and more prominent “holes” (i.e. low smooth regions). The realistic values for topography (α=1.79, C1=0.12, H=0.7) 
correspond to the two lower right hand simulations. All the simulations have the same random seed. 	  

H=0.2	   H=0.5	   H=0.8	  

α=1.1	  

α=1.5	  

α=1.9	  

All:	  C1	  =	  0.2	  
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FIF	  on	  a	  sphere	  

A simulation of an (isotropic) multifractal topography on a sphere using the spherical harmonic method 
discussed in the appendix (both sides of a single simulation are shown, using false colours).  The 
simulation parameters are close to the measured values: α =1.8, C1= 0.1, H = 0.7.  The absence of 
mountain “chains” and other typical geomorphological features are presumably due to the absence of 
anisotropy. 	  
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Generalized	  Scale	  Invariance	  
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Stra�fied	  CASCADES	  
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The	  unity	  of	  clouds	  and	  rocks 	  
	  
	  

Anisotropic	  scaling,	  
scaling	  stra�fica�on	  

Mul�fractal	  simula�on	  
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AERIAL Lidar Data 

100km	


(courtesy of K.  Strawbridge) 
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40km 
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9 Horizontal- vertical diagrams 
from lidar data (passive scalars) 

3D 
isotropic 

23/9 D 
anisotropic 

7/3 D quasi linear 
gravity waves 

Unique isotropic scale (sphero-scale) 

Tropospheric 
thickness 

P
la

ne
ta

ry
 s

ca
le

 

Δρ 0,Δz Δx( )( ) = Δρ Δx,0( )Implicit Δz-Δx relation: 
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The physical scale 
function and 

differential scaling 

Bolgiano-
Obhukhov 

Kolmogorov 

Isotropic function 

Anisotropic physical 
scale function 

Δx,Δz( ) = ls
Δx
ls

⎛
⎝⎜

⎞
⎠⎟

2

+
Δz
ls

⎛
⎝⎜

⎞
⎠⎟

2 /Hz⎛

⎝
⎜

⎞

⎠
⎟

1/2

Hz=1	


Sphero-scale 

Hz=5/9	


Δr → Δr
Usual distance 
(=vector norm) 

Scale function 
(scale notion) 

“canonical” scale function: 

Vertical sections 

λ−G r = λ−1 r

G =
1 0
0 Hz

⎛

⎝
⎜

⎞

⎠
⎟

Scale	  symmetry	  
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Del=2 Del=2.33 

Del=23/9=2.55 Del=3 

Δv Δx( ) = ε1/3Δx1/3; Δv Δz( ) = φ1/5Δz3/5
The 23/9D model: 

Hz=(1/3)/(3/5)=5/9 

Volume≈LxLxLHz≈LDel Del=2+Hz=23/9 

Anisotropic	  Scaling	  

Kolmogorov 

Bolgiano-Obukhov 

c.f.	  empirical:	  2.57	  
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Fly by of anisotropic (multifractal, 
cascade) cloud 

Course at U. Paris Sud, 6, 7 May 2014



Flyby	  1	  

This	  
4096X4096	  
simula�on	  is	  
flown	  over	  

  
G =

0.65 −0.1
0.1 1.35

⎛
⎝⎜

⎞
⎠⎟

ls=64	  pixels	  

α=1.8,	  C1=0.12,	  H=0.7	  
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Flyby	  2	  
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Horizontal	  versus	  ver�cal	  borehole	  
rock	  densi�es	  

Ver�cal	  boreholes	  (βv	  =1.2)	  

Hz	  =	  (βh	  -‐1)/(βv	  -‐1)	  =	  2	  

Lovejoy	  and	  Schertzer	  2007	  (adapted	  from	  Leary	  1997)	  

Horizontal	  boreholes	  (βh	  =1.4)	  

Gamma	   Density	   Seismic	  velocity	  

Gamma	   Density	   Seismic	  velocity	  
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  Sphero scale = 1 pixel.  Each pixel is 50 km, sphero-scale = 25km.  
Hot  (low density)  plumes shown as white/red (this  is  a  model  for 

	


Stra�fied	  Mul�fractal	  Crust,	  
Mantle	  	  rock	  density	  simula�on	  

Sphero-scale ls=256km, with 1 pixel = 1km.	


Ver�cal	  cross-‐sec�ons	  

Lithospheric rock density 	   Mantle density 	  

Del=3	  
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Simulated	  magne�za�on	  field	  for	  horizontally	  
isotropic	  crustal	  magne�za�on	  

Parameters:	  are	  Hz	  =1.7,	  s	  =	  4,	  H	  =	  0.2,	  α	  =1.98,	  C1	  =	  0.08,	  ls	  =	  2500	  km,	  	  

16	  km	  

32	  km	  

32	  km	  

Mz	  
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Parameters:	  Hz	  =	  2.,	  Ls	  =	  40000	  km	  
2000	  km	  

20	  km	  

aspect	  ra�os	  =	  1/5	  

Parameters:	  Hz	  =	  5/9,	  Ls	  =	  0.1	  km	  

20	  km	  

2000	  km	  

The	  unity	  of	  geosciences:	  clouds	  and	  rocks	  	  

Cloud	  
density	  

Rock	  
density	  
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Generalized	  Scale	  Invariance	  
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!

The	  scale	  changing	  operator	  Tλ	  which	  
transforms	  the	  scale	  of	  vectors	  by	  scale	  ra�o	  λ	  	  

Tλ	  is	  the	  rule	  rela�ng	  the	  sta�s�cal	  proper�es	  at	  one	  scale	  to	  another	  and	  involves	  only	  
the	  scale	  ra�o.	   	  This	  implies	  that	  Tλ	  has	  certain	  proper�es.	   	  In	  par�cular,	  if	  and	  only	  if	  
λ1λ2	  =	  λ,	  then:	  	  
	   Bλ = TλB1 = Tλ1λ2

B1 = Tλ1
Bλ2

= Tλ2
Bλ1

it	  is	  also	  commuta�ve	  	   Tλ = Tλ2
Tλ1

= Tλ1
Tλ2

This	  implies	  that	  Tλ	  is	  a	  one	  parameter	  mul�plica�ve	  group	  with	  parameter	  λ:	  
	  

Tλ = λ−G

One	  parameter	  Lie	  group,	  G=	  generator	  
Course at U. Paris Sud, 6, 7 May 2014



Example	  of	  anisotropic	  “Blow	  down”	  

A	   generalized	   blow-‐down	   with	   increasing	   	   of	   the	   acronym	  
“NVAG”.	   	   If	   G	   =	   I,	   we	   would	   have	   obtained	   a	   standard	  
reduc�on,	  with	  all	  the	  copies	  uniformly	  reduced	  converging	  to	  
the	  centre	  of	  the	  reduc�on.	  	  Here	  the	  parameters	  are	  
	  
and	  each	  successive	  reduc�on	  is	  by	  28%.	  	  

G = 1.3 −1.3
0.3 0.7

⎛
⎝⎜

⎞
⎠⎟

Tλ = λ−G

λ−G r = λ−1 r

Scale	  func�on	  equa�on	  

Scale	  func�on:	  size	  of	  vector	  r	  generator	  
Scale	  ra�o	  

λ−1r = λ−1 r

G=iden�ty:	  	   r → r
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G =
1 0
0 1
⎛ 
⎝ 
⎜ ⎞ 

⎠ 
G =

1.35 0
0 0.65

⎛ 
⎝ 
⎜ ⎞ 

⎠ 

G =
1.35 0.25
0.25 0.65
⎛ 
⎝ 
⎜ ⎞ 

⎠ 
G =

1.35 −0.45
0.85 0.65

⎛ 
⎝ 
⎜ ⎞ 

⎠ 

Isotropic	

(self similar)	


	


dominant (real 
	


Rotation 
dominant 
(complex 

	


Scale	  func�ons	  in	  linear	  GSI	  
(posi�on	  independent)	  

Tλ = λ−G

Scale	  isolines	  in	  
red	  	  

λ−G r = λ−1 r
Scale	  func�ons	  

r =contstant	  
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Overall	  

x → x ; D→ Del

Isotropy	   anisotropy	  
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k	   =0:	   we	   vary	   r	   (denoted	   i)	  
from	   	  -‐0.3,	  -‐0.15,	  …0.45	  le�	  to	  
right	   and	   e	   (denoted	   j	   )	   from	  
-‐0.5,	   -‐0.25,	   …0.75	   top	   to	  
bo�om.	  	  On	  the	  right	  we	  show	  
t h e 	   c o n t o u r s 	   o f 	   t h e	  
corresponding	  scale	  func�ons.	  	  

	  	  

G = 1 r − e
r + e 1

⎛
⎝⎜

⎞
⎠⎟

Θ ′′θ( ) = 1+ 1− 2
−k

1+ 2−k cos ′′θ

Roundish	  unit	  ball	  

Highly	  anisotropic	  
unit	  ball:	  k	  =10	  

r	  

e	  

r = rΘ ′′θ( ) =1

Polar	  coordinate	  scale	  
func�on	  for	  unit	  ball	  

with	  

Hence:	  
max Θ ′′θ( )( ) / min Θ ′′θ( )( ) = 2k
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r	  is	  increased	  from	  
-‐0.3,	  -‐0.15,	  …0.45	  le�	  
to	  right,	  from	  top	  to	  
bo�om,	  k	  is	  
increased	  from	  0,	  2,	  
4,..10.	  	  

e	  =	  0.75	  	  

r	  

k	  

e	  =	  0	  
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e	  le�	  to	  right	  is:	  
-‐0.5,	  -‐0.25,	  …0.75.	  	  

In	  all	  rows,	  from	  
top	  to	  bo�om,	  k	  
is	   increased	   (0,	  
2,	  4,..10),	  	  

r	  =	  0	  	  

e	  

k	  

r	  =	  0.15	  
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Mul�fractal	  explorer	  all for circular sphero-scale	


Changing	  G	   h�p://www.physics.mcgill.ca/~gang/mul�frac/index.htm	  

  
G =

1− i − j
j 1+ i

⎛
⎝⎜

⎞
⎠⎟
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!

Examples	  of	  2D	  simula�ons	  on	  512x512	  pixel	  grids	  with	  α	  =	  1.8,	  C1	  =	  0.1,	  H	  =	  0.333,	  d	  
=1,	  f	  =0.	  Upper	  le�:	  c	  =	  0.8,	  e	  =	  2,	  ls	  =512,	  x	  =	  1.3	  (2k	  =	  rmax/rmin	  ≈	  54),	  upper	  right:	  c	  =	  
-‐2/7,	  e	  =	  0.1,	  ls	  =	  32,	  2k	  ≈	  5,	  lower	  le�:	  c	  =	  	  0.3,	  e	  =	  1.2,	  ls	  =	  32,	  2k	  ≈	  800,	  lower	  right:	  c	  =	  
0.3,	  e	  =	  1.2,	  ls	  =	  1,	  2k	  ≈	  800.	  	  

!
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!

Order	  emerging	  from	  chaos	  

Each	  row	  shows	  a	  realiza�on	  of	  a	  random	  mul�fractal	  process	  with	  a	  single	  value	  of	  of	  
the	  subgenerator	  γ(r)	  at	  the	  centre	  of	  a	  512X512	  grid	  replaced	  by	  the	  maximum	  of	  γ (r)	  
over	  the	  field	  boosted	  by	  factors	  of	  N	  increasing	  by	  2	  from	  le�	  to	  right	  (from	  8	  to	  64)	  
in	   order	   to	   simulate	   very	   rare	   events	   (α	   =	   1.8,	  C1	  =	   0.1,	  H	   =	   0.333).	   	   The	   scaling	   is	  
anisotropic	  with	  complex	  eigenvalues	  of	  G,	  the	  scale	  func�on	  is	  shown	  at	  right.	  

!

Max	  X8	   Max	  X16	   Max	  X32	   Max	  X64	  
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!

Simula�ons	  in	  three	  dimensions,	  rendering	  with	  simulated	  
radia�ve	  transfer	  	  	  

This	  is	  a	  contour	  of	  the	  scale	  func�on	  corresponding	  to	  a	  single	  scale;	  this	  is	  a	  strongly	  
rota�onally	  dominant	  case	  with	  n	  =	  2,	  xq	  =	  xf	  =	  1.4,	  d	  =1,	  c	  =	  0.5,	  e	  =	  1,	  f	  =	  0,	  Hz	  =	  0.8,	  ls	  
=64,	  	  
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!

An	  example	  with	  a	  =	  1.8,	  C1	  =	  0.1,	  H	   =	  0.333,	  on	  a	  512x512x64	  grid	   (the	   la�er	   is	   the	   thickness).	   	   The	  
parameters	  are	  nq	  =1,	  nf	  =	  2,	  xq	  =	  0.3,	  xf	  =	  0.8,	  c	  =	  0.2,	  e	  =	  0.5,	  f	  =	  0.2	  (rota�on	  dominant),	  Hz	  =	  0.555	  with	  
ls	  =	  128,	  lsz	  =	  32.	  	  The	  upper	  le�	  is	  the	  liquid	  water	  density	  field,	  top	  horizontal	  sec�on,	  to	  the	  right	  is	  the	  
corresponding	  central	  hrizontal	  cross	  sec�on	  of	   the	  scale	   func�on.	   	  The	  bo�om	  row	  shows	  one	  of	   the	  
sides	  (512x64	  pixels)	  with	  corresponding	  central	  part	  of	  the	  ver�cal	  cross	  sec�on.	  	  

!

Top	  horizontal	  sec�on	  (density)	  

Side	  (density)	  

Corresponding	  scale	  func�on	  

Corresponding	  top	  radia�ve	  
transfer	  

Corresponding	  side	  radia�ve	  
transfer	  

Course at U. Paris Sud, 6, 7 May 2014



!
This	  shows	  the	  top	  layers	  of	  three	  dimensional	  cloud	  liquid	  water	  density	  simula�ons	  (false	  colours)	  all	  
have	  d	  =	  1,	  c	  =	  0.05,	  e	  =	  0.02,	  f	  =	  0,	  Hz	  =	  0.555,	  α	  =	  1.8,	  C1	  =	  0.1,	  H	  =	  0.333	  and	  are	  simulated	  on	  a	  
256x256x128	  point	  grid	  (a2>0;	  stra�fica�on	  dominant	  in	  the	  horizontal).	  	  The	  simula�ons	  in	  the	  top	  row	  
have	  ls	  =	  8	  pixels,	  (le�	  column),	  64	  pixels	  (right	  column),	  k=0,	  k=32	  (bo�om	  row).	  	  Note	  that	  in	  these	  
simula�ons,	  the	  ls	  =8,	  64	  applies	  to	  both	  ver�cal	  and	  horizontal	  cross-‐sec�ons	  (i.e.	  ls	  =	  lsz).	  	  	  	  	  Show	  an	  
example	  with	  IR	  sca�ering?	  

Cloud	  tops	  
(densi�es)	  
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!

Sides,	  same	  clouds	  (densi�es)	  
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!

The	  top	  view	  with	  single	  sca�ering	  radia�ve	  transfer;	  incident	  solar	  radia�on	  at	  
45o	  from	  the	  right,	  mean	  ver�cal	  op�cal	  thickness	  =	  50	  	  

Same	  clouds	  radia�ve	  transfer,	  top	  view	  
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!

The	  same	  except	  viewed	  from	  the	  bo�om.	  

Same	  clouds	  radia�ve	  transfer,	  bo�om	  view	  
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Contours	  of	  the	  scale	  
func�ons	  

Frac�onal	  
Brownian	  mo�on,	  
H=0.7	  

Frac�onal	  Levy	  
mo�on,	  	  
H=0.7,	  α	  =1.8	  

Mul�fractal	  FIF	  	  
H=0.7,	  α	  =1.8,	  
C1=0.12	  

G =
0.8 −0.05
0.05 1.2

⎛
⎝⎜

⎞
⎠⎟

G =
0.8 −0.05
0.05 1.2

⎛
⎝⎜

⎞
⎠⎟

G =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

Mono,	  mul�fractal	  Intercomparison,	  	  
stra�fica�on	  dominant	  

isotropic	   Anisotropic	  no	  trivial	  anisotropy	   Anisotropic	  with	  trivial	  anisotropy	  
K q( ) = C1

α −1
qα − q( )

Δh Δr( )q ≈ ΔrqH−K q( ) K q( ) = 0
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Intercomparison,	  rota�on	  dominant	  

G =
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟

G =
0.5 −1.5
1.5 1.5
⎛
⎝⎜

⎞
⎠⎟

G =
0.5 −1.5
1.5 1.5
⎛
⎝⎜

⎞
⎠⎟

Mono,	  mul�fractal	  Intercomparison	  	  
rota�on	  dominant	  Contours	  of	  the	  	  

scale	  func�ons	  

Frac�onal	  
Brownian	  mo�on,	  
H=0.7	  

Frac�onal	  Levy	  
mo�on,	  H=0.7,	  	  
α=1.8	  

Mul�fractal,	  FIF	  
H=0.7,	  α	  =1.8,	  
C1=0.12	  

isotropic	   Anisotropic	  no	  trivial	  anisotropy	   Anisotropic	  with	  trivial	  anisotropy	  Course at U. Paris Sud, 6, 7 May 2014



C1=0.05	  

C1=0.15	  

C1=0.25	  

H=0.2	   H=0.5	   H=0.8	  

Effect	  of	  varying	  C1,	  H	  (self-‐affine,	  ls=1)	  

All:	

α=1.8	  

G =
0.8 0
0 1.2

⎛
⎝⎜

⎞
⎠⎟
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C1=0.05	  

C1=0.15	  

C1=0.25	  

H=0.2	   H=0.5	   H=0.8	  

Effect	  of	  varying	  C1,	  H	  (self-‐affine,	  ls=64)	  

All:	

α=1.8	  

G =
0.8 0
0 1.2

⎛
⎝⎜

⎞
⎠⎟
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Extension	  from	  space	  
to	  space-‐�me	  
(including	  waves)	  
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Space-Time ("Stommel") diagramme	  

Atmosphere	

Ocean	


ε=10-‐3W/Kg	   ε=10-‐8W/Kg	  

ε=10-‐12W/Kg	  

l = ε1/2τ3/2
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1400	  MTSAT	  IR	  images	  
	  30oS	  -‐	  40oN,	  Pacific	  (Spectrum,	  1-‐D	  subspaces)	  

	  

	   	  	  
	   	   	  

	   	  	   	   	  

	   	  

�me	  
EW	  

NS	  
Perfect	  
scaling	  
(with	  finite	  
size	  effects)	  

Space-‐�me	  scaling	  is	  accurately	  respected:	  

   
g λ−1 k,ω( )( ) = λHtur g k,ω( )( )

Diurnal	  peak	  

-‐1.5	  reference	  slope	  

k	  

log10E	  

log10ω	


Log10k	  (km)-‐1	


1	  hour,	  30	  km	  
resolu�on	  

  
E kx( ) ≈ kx

−β; E ky( ) ≈ ky
−β; E ω( ) ≈ ω−βimplies	  
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Turbulence	  and	  (frac�onal)	  
propagators	  

  
∇2 − 1

V 2

∂2

∂t2

⎛
⎝⎜

⎞
⎠⎟

I(r,t) = f (r,t)

   I
(k,ω ) = g(k,ω ) f(k,ω )

   
g(k,ω ) = ω 2 V 2 − k

2( )−1

g λ−1 k,ω( )( ) = λH g k,ω( )( ); H = 2

   
∇2 − 1

V 2

∂2

∂t2

⎛
⎝⎜

⎞
⎠⎟

H /2

I(r,t) = f (r,t) ; g(k,ω ) = ω 2 V 2 − k
2( )−H /2

Example:	  The	  classical	  wave	  equa�on	  

Frac�onal	  wave	  equa�on	  

Solu�on	  by	  Fourier	  transforms	  
propagator	  

Isotropic	  scale	  change	  symmetry	  

Note:	  the	  dispersion	  rela�on	  is	  independent	  of	  H	  (>0)	  
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Spa�al	  turbulence	  

Isotropic	  

Anisotropic	  extension	   k → k λG k = λ k

ΔI Δr( ) = ϕ Δr
H

ϕ = ε1/3; H =1/ 3

I k( ) = g tur k( )ϕ k( ) g tur k( ) = k −H

Kolmogorov	  values	  

k = ls
−1 kxls( )2 + kyls( )2 + kzls( )2/Hz( )1/2Canonical	  scale	  func�on	  

(ver�cal	  stra�fica�on)	  

Sphero-‐scale	  

Turbulent	  law	  (space)	  

Turbulent	  law	  (Fourier	  space)	  

G =
1 . .
. 1 .
. . Hz

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

Generator	  of	  the	  anisotropy	  

Scaling	  equa�on	  

Fourier	  scale	  func�on	  

FIF	  model	  
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Turbulence	  in	  Space-‐�me	  (horizontal)	  	  

g k,ω( ) = −i ′ω + k( )−Htur
I(k,ω ) = g(k,ω )ϕ(k,ω )

Theory	  (assuming	  largest	  eddies	  “sweep”	  smaller	  ones)	  

( ) 1−⋅+=ʹ′ σµωω k

( )( ) 2/12221 yx a µµσ +−=

k = kx
2 + ky

2 / a2( )1/2

µ = vx,vy( ) /Vw Vw = εLeLe
1/3

EW/NS aspect ratio = a	

mean horizontal wind=	


	

Planet size: Le = 20000 km	


vx,vy( )
εLe

g−1 r,t( )∗ I r,t( ) = ϕ r,t( )

g r,t( )↔
F .T .

g k,ω( )

Turbulent	  flux	  forcing	  

propagator	  

Observable	  
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Turbulence	  and	  waves	  

I(k,ω ) = g I (k,ω )ϕ
(k,ω ) g I (k,ω ) = g


wav (k,ω )g


tur (k,ω )

Turbulence	  forcing	   Turbulence-‐waves	  

Turbulent	  flux	  

Reality	  

g k,ω( ) = g * −k,−ω( )

Space-‐�me	  scaling	   Causality	  

Poles	  of	  g	  in	  ω	  plane	  are	  below	  real	  axis:	  	  

′ω = −i k causal	  since	  	   k ≥ 0

Propagator	  symmetry	  constraints	  

Wheeler	  Kiladis	  1999	  
factoriza�on	  

g k,ω( ) = −iω + k Ψ+ ϕ( )+ iΨ− ϕ( )( )( )Θ θ,ϕ( )⎡⎣ ⎤⎦
−H

General	  form	   (θ, ϕ)  
coordinates of   (k, ω)	


   
g λ−1 k,ω( )( ) = λH g k,ω( )( )
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Simple	  wave	  ansatz	  

   
g wav (k,ω ) = ′ω 2 / vwav

2 − k
2( )−Hwav /2

Dispersion	  rela�on	    ω = −k ⋅µ ±σ vwav k

  
Pϕ (k,ω ) = P0 ′ω 2 + k

2( )−sϕ /2

H = Htur + Hwav

Simple	  scaling	  wave	  propagator	  	  

Spectral	  density	  

Spectrum	  of	  turbulence	  forcing	  

PI (k,ω ) = Pϕ (k,ω ) gI
 2

gI
 2

= gtub
 2

gwav
 2

= ′ω 2 + k
2( )−Htur ′ω 2 / vwav

2 − k
2( )−Hwav /2

Turbulent	  part	   Wave	  part	  

Frac�onal	  (and	  anisotropic)	  wave	  equa�on	  propagator	  

′ω = ±vwav k

( ) 1−⋅+=ʹ′ σµωω k
k = kx

2 + ky
2 / a2( )1/2
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Hwav	  +	  Htur	  =	  H	  =	  1/3	  

Hwav	  =	  0	   Hwav	  =	  0.33	  

Hwav	  =	  0.38	  Hwav	  =0.52	  

Mul�fractals	  
with	  wave	  
character	  

Localized	   in	   space,	  
unlocalized	   in	   space-‐
�me	   ( p ro du c t	   o f	  
turbulent	   and	   wave-‐
l i k e 	   s c a l i n g	  
propagators).	  

 I
 k,ω( ) = g k,ω( )ε k,ω( )

 
g k,ω( ) = −iω + k( )−Htur ω2V −2 − k 2( )−Hwav /2

propagator	  
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Predictability	  and	  
stochas�c	  forecas�ng	  
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Two	  mul�fractal	  proceses	  with	  Iden�cal	  subgenerators	  to	  t0	  

Divergence	  for	  t>t0	  

α=1.8,	  C1=0.1,	  H=0.33	  

Lyapunov	  exponent	   →∞
E ≈ Δt H

Predictability	  limits	  algebraic:	  

Predic�on	  error:	  

Course at U. Paris Sud, 6, 7 May 2014



Algebraic	  divergence	  of	  realiza�ons	  	  

0.5 1.0 1.5 2.0 
Log 10  t 

1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
Log 10 E 

log1029 

E = 2
I2 t0 + Δt( )− I1 t0 + Δt( )
I2 t0 + Δt( ) + I1 t0 + Δt( )

Average	  over	  1000	  pairs	  of	  
mul�fractal	  proceses	  with	  
Iden�cal	  subgenerators	  to	  t0	  

1000	  Independent	  realiza�ons	  

Slope=H=0.33	  

Lyapunov	  exponent	   →∞

E ≈ Δt H
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Space-time Cascades, stochastic 
nowcasting (rain) 

Realization A	
 Realization B	

16 time steps	
(all same initially)	
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Conclusions	  

1.	  High	  level	  stochas�c	  turbulence	  laws	  emerge	  from	  (determinis�c)	  
con�nuum	  mechanics	  at	  strong	  nonlinearity	  

2.	  Regimes:	  Weather,	  macroweather,	  climate	  

4.	  Generalize	  classical	  laws:	  a)	  :	  Intermi�ency	  using	  cascades	  
b)	  wide	  range	  of	  scales	  using	  anisotropic	  scaling,	  stra�fica�on	  

5.	  Unity	  of	  the	  geosciences:	  anisotropic	  scaling,	  mul�fractality	  

3.	  	  Analysis	  techniques:	  Haar	  fluctua�ons:	  accurate	  yet	  simple	  to	  interpret	  

Course at U. Paris Sud, 6, 7 May 2014




