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𝑂 1 + 𝑂 𝑚2

𝑀2 + 𝑂 𝑚4

𝑀4 + ⋯ + 𝑂 𝑔2 + ⋯ 

Bottom 
up 𝐴UV   = 𝐴UV ? ? ? 

 𝑐0           𝑐2              𝑐4                       𝑏0   Wilson Coefficients (LECs)  →  
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Particle Physics 

Cosmology 

- EFT of Inflation 
- EFTs for Reheating 
- EFT of Large Scale Structure 
- EFTs of Dark Matter 
- EFT of Dark Energy 
- … 
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2. Causality 

3. Locality 

4. Crossing 1 
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2  

𝐴 𝑠, 𝑡  polynomially bounded   d𝑘  𝑒𝑖𝑘𝑥 𝐴(𝑘)  exists 

𝑆†𝑆 = 1 

 𝑂 𝑥 , 𝑂 𝑦 = 0   
if  𝑥 − 𝑦 2 spacelike 

𝐴(𝑠, 𝑡) analytic in 𝑠 at fixed 𝑡 

⇒ 

⇒ 

⇒ 1. Unitarity Im 𝐴(𝑠, 𝑡) positive for 𝑠 > 4𝑚2 

(0 ≤ 𝑡 < 4𝑚2) 



Kinematics 

(𝜔, 0,0, 𝑘) 

(𝜔, 0,0, −𝑘) 

(𝜔, 𝑘 sin 𝜃 , 0, 𝑘 cos 𝜃) 

(𝜔, −𝑘 sin 𝜃 , 0, −𝑘 cos 𝜃) 

𝑝1 

𝑝2 

−𝑝3 

−𝑝4 

16 components – 10 (Poincaré) – 4 (on-shell) = 2 (𝜔, 𝑘, 𝜃) 

(𝜔2 = 𝑘2 + 𝑚2) 

𝐴12→34 = 𝑝3𝑝4 𝑇 𝑝1𝑝2 = 𝐴(𝑠, 𝑡) 

𝑠 = 4𝜔2                               
= − 𝑝1 + 𝑝2

2 

𝑡 = 2𝑘2 1 + cos 𝜗 = − 𝑝1 + 𝑝3
2 

𝑢 = 2𝑘2 1 − cos 𝜃 = − 𝑝1 + 𝑝4
2 

(𝑠 + 𝑡 + 𝑢 = 4𝑚2) 
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Positivity Bounds 
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Positivity Bounds 

𝐴 𝑠, 𝑡 =   𝑠𝑝  
𝑡𝑞

𝑝,𝑞 + poles + branch cuts 
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Positivity Bounds 

𝐴 𝑠, 𝑡 =   𝑠𝑝  
𝑡𝑞

𝑝,𝑞 + poles + branch cuts 
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Positivity Bounds 

1. Subtract poles: 𝐵 𝑠, 𝑡 = 𝐴 𝑠, 𝑡 − poles 
2. Schwarz Reflection: 𝐴 𝑠∗ = 𝐴∗(𝑠) 
3. Crossing:  𝐴 𝑠, 𝑡 = 𝐴(𝑢, 𝑡)  
4. Froissart:   𝐴 𝑠, 𝑡  ~ 𝑠 log2 𝑠 

𝐴 𝑠, 𝑡 =   𝑠𝑝  
𝑡𝑞

𝑝,𝑞 + poles + branch cuts 

Dispersion Relation 



Scott Melville 

Positivity Bounds 
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Scalar Positivity Bounds 

𝜕𝑠
2𝑁𝐵 𝑠, 𝑡 > 0 

𝜕𝑣
2𝑁𝐵 𝑣, 𝑡  

𝑣=0
∝   

∞

4𝑚2

𝑑𝑠′
Im 𝐴 𝑠′, 𝑡

𝑠′ +
𝑡
2

2𝑁+1 𝑣 = 𝑠 − 2𝑚2 +
𝑡

2
 

(2𝑁+1
ℳ2 + 𝜕𝑡)𝜕𝑣

2𝑁𝐵 𝑣, 𝑡  
𝑣=0

> 0 

𝜕𝑡
𝑀𝜕𝑣

2𝑁𝐵 +   

𝑀/2

𝑘=0

 
𝑐𝑟,𝑘

ℳ2𝑘
𝜕𝑡

𝑀−2𝑟𝜕𝑣
2𝑁+2𝑟−2𝑘𝐵 > 0

𝑀/2

𝑟=0

 

(2𝑁+1
ℳ2 + 𝜕𝑡)𝜕𝑣

2𝑁𝐵 𝑣, 𝑡  
𝑣=0

∝   

∞

4𝑚2

𝑑𝑠′ [𝜕𝑡 − 1
𝑠′+𝑡

+
1

ℳ2]
 Im 𝐴 𝑠′, 𝑡

𝑠′ +
𝑡
2

2𝑁+1 

ℳ2 = 𝑠′ +
𝑡

2
 
branch point
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Positivity Bounds 

Positivity Constraints for Cosmology 

Spinning Positivity Bounds 

Kinematic Singularities 

Crossing 

𝐴𝜏1𝜏2𝜏3𝜏4
𝑠, 𝑡 = 𝑒𝑖(… )𝐴−𝜏1−𝜏2−𝜏3−𝜏4

𝑢, 𝑡  

𝜔 sin 𝜃 =
𝑠𝑡𝑢

𝑠 − 4𝑚2 𝑠 − 4𝑚2 # (  𝐴 𝜃 + 𝐴(−𝜃)  ) ⇒  
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Applications 

Positivity Constraints for Cosmology 

Shift symmetric scalar 

𝑐 > 0 

DBI 

Anti-DBI 

ℒ = − 1 + 𝜕𝜑 2 = −1
2 𝜕𝜑 2 + 1

4 𝜕𝜑 4 + ⋯ 

ℒ =    1 − 𝜕𝜑 2 = −1
2 𝜕𝜑 2 − 1

4 𝜕𝜑 4 + ⋯ 

𝐴 𝑠, 𝑡  ~ 𝑐 ( 𝑠2 + 𝑡2 + 𝑢2) 

ℒ = −1

2
𝜕𝜑 2 + 𝑐 𝜕𝜑 4+…  
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Applications 
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Massive Galileon 

ℒ = −1
2

𝜕𝜑 2 − 1
2
𝑚2𝜑2 + 𝑔3

3!Λ3𝜑(tr 𝜕𝜕𝜑 2 − tr 𝜕𝜕𝜑 2) 
 

                                                          + 𝑔4
4!Λ6𝜑(2tr 𝜕𝜕𝜑 3 − 3tr 𝜕𝜕𝜑 tr 𝜕𝜕𝜑 2 + tr 𝜕𝜕𝜑 3) 
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Applications 

Positivity Constraints for Cosmology 

Massive Gravity 

ℒ = 𝑀𝑃
2 𝑅 𝜂 + ℎ

𝑀𝑃
− 𝑉 ℎ   

𝑉 ℎ = 𝑚2 ℎ2 + 𝑐3𝑚4

Λ3
3 ℎ3 + 𝑑5𝑚6

Λ3
6 ℎ4  

                                   +∆𝑐 𝑚6

Λ5
5 ℎ3 + ∆𝑑 𝑚8

Λ4
8 ℎ4 + ⋯ 

Work in Progress 



Self-Interacting Dark Matter 
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0.1cm2/g <
𝜎

𝑚
< 1cm2/g 

to resolve small  
scale problems  
in simulations 

to match observations 

- cusp-core 
- missing satellite 
- too-big-to-fail 
- diversity problem 

- bullet cluster 
- halo ellipticity 
- substructure mergers 
- merging clusters 

Applications 



Work in Progress 

Self-Interacting Dark Matter 
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𝜎𝑁𝑅

𝑚
= 𝑓 𝑐𝑛     

𝑚3

Λ6
 

 

         <  #    𝑚−3  

Positivity Λ > 𝑚 

0.1cm2/g <
𝜎

𝑚
< 1cm2/g 

to resolve small  
scale problems  
in simulations 

to match observations 

Applications 
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Summary 

Positivity Constraints for Cosmology 

Positivity Bounds 

2. Causality 

3. Locality 

4. Crossing 

1. Unitarity 

Applications 

Self-Interacting Dark Matter Massive Galileon Massive Gravity 

∞ 

- - 

∞ 

𝑠 − 4𝑚2 #(𝐴𝜏1𝜏2𝜏1𝜏2
(𝜃) + 𝐴𝜏1𝜏2𝜏1𝜏2

−𝜃  ) 

  

𝑖,𝑗

𝜕𝑡
𝑖𝜕𝑠

𝑗
( 𝐴 𝑠, 𝑡 − poles ) > 0 

Work in Progress 


