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Seeing inside black holes

In a holographic theory, black holes are identified with thermal state,
_ .—BH
p=e P

Observables in right CFT only sensitive to region outside the horizon.
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Seeing inside black holes

Collapse to a black hole is a pure state which thermalizes.

Observables sensitive to interior in principle, but accessible probes
thermalise on scrambling time t, ~ In S; dependence exponentially

suppressed.
Two-sided observables in eternal black hole similarly suppressed.

Feature which does not saturate in this way: Complexity.
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Complexity

N-qubit model: elementary gates are unitaries acting on O(1) qubits.

Circuit Complexity of a unitary U is minimum number of elementary
gates required to construct U. Generically O(eV).
Complexity of a state |1)): given a reference state [1)g), [10) = Ulo).

Local Hamiltonian H couples adjacent qubits. Assuming no redundancy,
U(t) = et will have complexity C ~ t.

Starting from a low-complexity state, local observables will thermalise in

scrambling time t, ~ In N, but complexity continues to grow until t ~ e/V.

Conjectured bound on speed of computation: Lloyd

dC 2E
— <=
dt — wh
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CompleX|ty & HOIOgra phy Susskind; Brown, Roberts, Susskind, Swingle & Zhao
Two proposals:

@ Complexity-Volume: For a boundary slice B;, bulk surface ¥; with
azt = Btl ( )
V(%
Cv ~ maxs, ———
Y > Gnlags

v

Growth in volume of Einstein-Rosen bridge reproduces expected linear
growth of C.
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CompleX|ty & HOIOgra phy Susskind; Brown, Roberts, Susskind, Swingle & Zhao

@ Complexity-action: “Wheeler-de Witt patch” W is bulk causal domain
of dependence of ¥,
Ca — Sw
AT Th

@ Reproduces linear growth
@ No scale in relation
@ Saturates conjectured bound on dC/dt
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ACtlon Lehner, Myers, Poisson & Sorkin

Require §S = 0 for variations which leave boundary geometry unchanged.
Requires boundary terms in action:

Sv_/(R 2/\)\/_dv+2Z/Kdz—zz/ndeAJrsjomt,

—,—175

r measures non-affineness of A on null generators, k®V,k? = k.
This expression is coordinate dependent! Can remove by adding

S= —22/@In|£@|d5d)\,
N;

_ 107
Va2
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Action divergences
Consider pure AdS in Poincare coordinates: the original action is

¢d-1y, 1

Sy = Tlx[*‘““(f/@ —2In(af) — m]a

assuming A are affine parameters; «, 8 are normalization of A.
Diverges like Vg In Vg; stronger than in CV.

Removing coordinate dependence also removes this stronger divergence:

4¢9-1y/,

In(d — 1).

(Note Jefferson & Myers have found Vg In Vs divergences in FT
calculations for some choices of reference state.)

For more general asymptotically AdS solutions, subleading divergences
determined by local geometry of boundary.

Simon Ross (Durham) Complexity and Spacetime McGill

8/18



Complexity in AdS Soliton

Consider a FT on T971, with antiperiodic bc for fermions on one S!.
Dual of ground state is AdS soliton,

ds? = rzldt +< rﬂ)d%d*2
2 rd X X

Period Ay = 4”5
energy in FT,

. This has a negative energy, corresponding to Casimir

Fo_ VXAxrﬂ
pd+1

Spacetime ends at r = ry; effective IR cutoff induced by bc.
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Complexity in AdS Soliton

Complexity:

Homogeneity = holographic C = V., Axc(ry).

CV: maximal surface at constant t,

d-1 d—1

r —r
Cy x VXAX%

Increasing IR scale ry decreases complexity.
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Complexity in AdS Soliton
CA: for ry < ryy, expand in power series. Symmetry fixes

4In(d — 1) 4_ _
Ca = ViDAy édl )r;jvl+/orﬁ L

for some coefficient fy.
Remove leading divergence by adding Sc; = —4In(d — 1) [+ VhdS.
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Complexity in AdS Soliton

@ Increasing IR scale ry increases complexity initially; vanishes as IR
scale approaches UV cutoff.

@ Change action? S = 0 for variations fixed on boundary only fixes
action up to boundary terms depending on geometry of boundary.
* Boundary of Wheeler-de Witt patch extends into interior, can
modify finite terms.

@ Comparison to FT: Jefferson & Myers calculated C for free scalar on a
toroidal lattice. Extend to fermions, look at change under change in
bc.
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de Sitter boundary

Consider a field theory on de Sitter space,
dszzL( dn? + dx?);
5 H277

simple laboratory for time dependence.

Bulk AdS geometries with de Sitter boundaries easy to construct.
Slicing of pure AdS:

sinh? q
ds? = (2(dp? + 2= L(—dif? + d5?)).
Related to Poincare coordinates by z = Smhp t = ncoth p.
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de Sitter times circle boundary

de Sitter xS1: two possible bulk solutions.
@ Bubble

2
ds? = F(r)dx® + F(r)"tdr® + #(_chf +d%?)

d—2
with f(r) =1+ 2—2 — :i,—%z Gapped solution: cut off at r = ry,

f(ry)=0. Ay = % two bubbles for given Ax.

o Locally AdS: set ry =0, r = {sinhp,

smh )

ds? = cosh? pd\? + (?[dp? + =" (—dn? + dx?))]

Horizon at p = 0. Ungapped solution.
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de Sitter complexity

Holographically, C « V. Symmetry = C %.
For de SitterxS?! cases, write

VA 042
C= 5—2
bl

¢ complexity density. Constant state-dependent factor. For locally AdS,
indep of Ay. For bubble, depends on Ay through ry.
Complexity growth bound =

= (d -2y’
. r2(02+r?)
Difference between locally AdS and bubble Ap = —==——=.
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Volume results

complexity
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Analytically, for large bubbles, Ac x rﬂfl; slower than rﬂ behaviour of
Ap. Reasonable from complexity point of view; volume in units of IR

cutoff.
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Action results
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Action increases for both large and small bubbles. ~ In ry for small
bubbles, ~ r¢~! for large bubbles.
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Discussion

@ Conjectured relation of complexity to bulk geometry could provide a
probe naturally sensitive to black hole interior.

@ Not yet related to holographic dictionary; action calculation
intrinsically Lorentzian

@ Action calculation has coordinate dependence, gives stronger
divergence. Related to choice of reference state? Or change action.

o Consider further examples: AdS soliton, de Sitter boundary
o CA gives surprising results. Complexity grows as IR scale increases?

o Further change of action? Comparison to FT?
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